This paper is concerned with the existence and stability time-periodic solutions for a class of coupled parabolic equations with time delay, and time delays may appear in the nonlinear reaction functions. The existence of time-periodic solutions is for a class of locally Lipschitz continuous reaction functions without any quasimonotone requirement. Our approach to the problem is by the method of upper and lower solution and using Schauder fixed point theorem. Some methods for proving the stability of the periodic solution are also given. The results for the general system can be applied to the standard parabolic equations without time delay and corresponding ordinary differential system. Finally, a model arising from chemistry is used to illustrate the obtained results.
Introduction
Periodic behavior of solution of parabolic boundary problems arises from many fields of applied sciences and various methods have been developed for the study of existence, stability and attractivity of periodic solutions. Most of the discussions in the earlier literature are devoted either to scalar parabolic equations (cf. [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] ) or to coupled systems of parabolic in specific model problems such as population growth problems in ecology (cf. [18] [19] [20] [21] [22] [23] [24] [25] ). In recent years, attention has been given to coupled systems of parabolic equations where time delays may be taken into consideration in the nonlinear reaction functions (cf. [12, [26] [27] [28] [29] [30] ). In this paper, we consider a coupled system of parabolic boundary problem in the form In [30] , theorems of the existence and uniqueness of periodic solution for some special kinds of system (1.1) are proved. The existence problem for the general periodic boundary problem (1.1) has been investigated in [12, 26, 27] using the method of upper and lower solutions. The monotone iterative scheme associated with this method leads to various computational algorithms for numerical solutions of the periodic boundary problem (cf. [31] ). A major requirement of the monotone iteration in these works is that the reaction function f ≡ (f 1 , . . . , f m ) in the system be quasimonotone or mixed quasimonotone. However, the parabolic systems with nonmonotone reaction function can respond better to impersonal law, so it is very important to weaken quasimonotone and mixed quasimonotone condition. In this paper, we show the existence of a periodic solution for problem (1.1) by the method of upper and lower solutions without any quasimonotone requirement on the reaction function f. Furthermore, we investigate the stability of periodic boundary problem corresponding to (1.1).
The plan of the paper is as follows. In Section 2 we show the existence of ω-periodic solutions of (1.1) for a general class of nonquasimonotone functions using the method of upper and lower solutions and Schauder fixed point theorem. Based on the monotone convergence property of the maximal and minimal sequences developed in [29] we show in Section 3 the stability of ω-periodic solutions of (1.1) for a general class of nonquasimonotone functions. Finally in Section 4 we give an application of the results in Section 2 to a boundary value problem of the Noyes-Field system related to the Belousov-Zhabotinskii reaction with time delay.
Existence of ω-periodic solutions
In this section, by using the upper and lower solution method we shall prove the existence of ω-periodic solutions for the system (1.1). The upper and lower solution method of the periodic solution problem is based on the following comparison principle in [29] .
and satisfied the following inequalities:
In addition, if ∂u ∂t
In this paper, the definition of inequality between vectors is as follow.
We assume that
To define the ω-periodic upper and lower solution of (1.1), we give the definitions of mixed quasimonotone and quasimonotone.
Definition 2.2. For each
denotes a vector with σ i -components of u. We say that the vector function
, and they are monotone nondecreasing in φ.
. Similar arguments apply to h so H and h satisfy (F 2 ). We now verify that H is monotone nondecreasing in φ. Let φ, ψ ∈ X Σ , φ ψ and φ i (0) = ψ i (0). Then H i (x, t, u, φ) H i (x, t, u, ψ) since the supremum defining the latter is over a subset of the set over which the supremum defining the former is taken. To verify (F 1 ), we assume, without loss of generality,
. Fix η and φ ∈ X Σ , and i, 1 i m, and let ψ n satisfy 0 ψ n φ, with ψ n
and 0 ψ n η, for n 1. Hence
It is easy to check that
and by symmetry
Since we use the maximum norm on R m , this completes the assertion that H satisfies (F 1
By the definition of the upper and lower control function the following lemma is easy to prove.
Definition 2.3 (ω-Periodic upper and lower solution
is mixed quasimonotone in u and satisfy the relation.
where i = 1, 2, . . . , m, thenũ,û are called the ω-periodic upper and lower solutions of (1.1), respectively.
We assume that (H 1 ) The coefficient functions a 
(H 3 ) f i (x, t, u, φ) is ω-periodic in t, and is mixed quasimonotone in u. For each K > 0 there exists a positive constant M such that for any (x, t), (y, t) ∈Ω
We rewrite (1.1) in the form 
has a unique ω-periodic solution w i (x, t).
. Therefore without loss of generality we may suppose g i (x, t) = 0 (i = 1, 2, . . . , m) in the systems (1.1) and (2.1).
We first put the problem (1.1) in an appropriate functional analysis setting. Let
For any u ∈ E, the boundary value problem
. . , v m ). This defines a linear compact operator
In fact, by the Schauder estimation of linear parabolic equations, there exists a positive number C 1 independent of u such that v E C 1 u E * for any u ∈ E. Namely, operator G maps bounded set of E into bounded set of E * . Moreover, bounded set of E * is relative compact set of E. So the linear operator G is compact operator of E.
It is easy to see that u = (u 1 , . . . , u m ) is a ω-periodic solution of the boundary problem
if and only if u is a solution of the operator u = T u in E, where
and T : E → E is a compact operator. The existence of a pair of ordered ω-periodic upper and lower solutions will ensure the existence of ω-periodic solution, namely, we will prove the following theorem. 
Proof. For any u ∈ E withû u ũ, we consider v = T u, since
By Lemma 2.1, we have w 0, namely v û. Similar arguments apply toũ, we have v ũ soû v = T u ũ. By the Schauder estimation of linear parabolic equations, there is a positive constant
S is a closed convex set in E and the compact operator T maps S into S. From Schauder's fixed point theorem it follows immediately that the operator T has a fixed point u in S, namely, (1.1) has a ω-periodic solution u(x, t) satisfyinĝ
This completes the proof of Theorem 2.1. 2
We have the following result. 
Monotone convergence method for the stability of periodic solution
If for each i ∈ {1, . . . , m} delay τ i = 0 (or ω), system (1.1) is reduced to the following nonmonotone system x, t) , . . . ,Û m (x, t)) are ω-periodic upper and lower solutions to (3.2) . Letũ(x, t) = (ũ 1 (x, t) , . . . ,ũ m (x, t)),û(x, t) = (û 1 (x, t) , . . . ,û m (x, t)) be the solutions to (3.1) with 
From the periodic property of the system,û i1 (x, t) is the solution to (3.1) with u i0 (x) 
So lim n→+∞ûin (x, t) =Û iω (x, t), lim n→+∞ũin (x, t) =Ũ iω (x, t). 2 Corollary 3.1. If the solution of (3.2) in (Û(x, t),Ũ (x, t)) is unique, then this solution U(x, t) of (3.2)
is stable about u i0 (x) ∈ (Û i (x, 0),Ũ i (x, 0)) of (3.1).
Applications and examples
As an application we consider a boundary value problem of the Noyes-Field system related to the BelousovZhabotinskii reaction with time delay (cf. [33, 34] 
